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Abstract 

Let a; be a continuous weight on M + and let L 1 (uj) be the corresponding convolution 
algebra. By results of Gr0nbaek and Bade & Dales the continuous derivations from 
L l (uj) to its dual space L°°(l/oS) are exactly the maps of the form 

poo 

(D v f)(t)= f( s ) — v (t + s)ds (t G M + and / G L 1 (uj)) 
Jo t + s 

for some <p G L°°(l/u)). Also, every D v has a unique extension to a continuous 
derivation : M(u) —¥ L°°(1/lj) from the corresponding measure algebra. We 
show that a certain condition on <p implies that D v is weak-star continuous. The 
condition holds for instance if <p G Lg°(l/u;). We also provide examples of functions 
(p for which D v is not weak-star continuous. Similarly, we show that and 
are compact under certain conditions on (p. For instance this holds if (p G Cq{1/uj) 
with (f(0) = 0. Finally, we give various examples of functions (p for which D v and 
Dp are not compact. 

1 Introduction 

Traditionally the study of derivations from a Banach algebra to its Banach modules has 
mainly focused on the existence of such derivations. In some recent papers by Choi and 
Heath the aim has instead been to characterise the derivations from a concrete Banach 
algebra to its dual space, and then to use this characterisation to study properties of the 
derivations: Every bounded derivation from Z X (Z + ) to its dual space is of the form 

A^o) = and = ~~~T ^ j+ k (J, k G Z+ j ^ 0) 

J + K 

for some ip G Z°°(Z + ). It was shown in [11] that is compact if and only if ip G Co(Z + ). 
Moreover, the weakly compact derivations from to its dual space are described in 

[3] in terms of so-called translation-finite sets. Finally, the compact derivations from the 
disc algebra to its dual space are characterised in [1] . In this paper we continue this line of 
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thinking and consider properties of derivations from weighted convolution algebras L 1 ^) 
on M + to their dual spaces. 

Let L 1 (R + ) be the Banach space of (equivalence classes of) integrable functions / 
on R + = [0,oo) with the norm ||/|| = J* °° \f(t)\ dt. Throughout this paper u> will be 
a continuous weight function on M + , that is, a positive and continuous function on R + 
satisfying u>(0) = 1 and ui{t + s) < ui(t)uj(s) for all t,s G M + . We then define L 1 ^) as 
the weighted space of functions / on R + for which foo G L^R 4 ") with the inherited norm 

POO 

11/11=/ \f(t)Ht)dt. 

Jo 

With the usual convolution product 

(/* </)(*) = f f(s)g(t-s)ds fortGR+and/^GL 1 ^), 
Jo 

it is well known that L l (ou) is a commutative Banach algebra. Similarly, the space M(u) 
of locally finite, complex Borel measures fi on R + for which 

POO 

= / u(t) d\n\(t) < 00 
Jo 

is a Banach algebra under convolution and contains L 1 ^) as a closed ideal. Also, M(u) 
can be identified as the multiplier algebra of L l (u) and this induces a strong topology on 
M(u) by identifying a measure with the corresponding convolution operator. 

Moreover, we let L°°(l/u) denote the Banach space of measurable functions (p on 1R + 
for which ip/ou is essentially bounded with the norm = esssup teM + \if(t)\/uu(t). It is 
well known that the duality (/, tp) = j f(t)ip(t)dt for / G L 1 ^) and ip G L°°{l/u) 
identifies L°°(l/u) isometrically isomorphically with the dual space of L l (u). 

We denote by C^I/uj) the closed subspace of L°°(1/uj) of continuous functions in 
L°°(l/u), and by C (l/u) the closed subspace of C b (l/u) of functions h G C b {l/u) for 
which h/u vanishes at infinity. Then M{u) is isometrically isomorphic to the dual space 
of Cq{\/oj) with the duality being defined by 

poo 

(h, fi)= h(t) dn(t) for h G C Q (l/u) and fi G M(u). 
Jo 

We will need yet another closed subspace of L°°(l/u). For (p G L°°(R + ) we say that 
(p(t) — y as t — > 00 if 

esssup t>T \<p(t)\ —7-0 as T — y 00. 

Similarly, we say that </?(£) — y as t — y if esssup t<T \<p(t)\ — > as T — )• 0. We then 
define L™(l/u)) to be the closed subspace of L°°(l/u)) of those </? G L°°{l/ui) for which 
ip(t)/uj(t) — >■ as £ — >■ 00. 

Recall that the dual space L°°{l/u) = L l (u)* becomes a Banach L 1 (w)-module via 
the action 

(/, 9 ■ <p) = (f * 9, <p) for f,ge L\u) and up G L°°{l/u). 
An easy calculation shows that the module action can be expressed as 

poo 

( g .(p)(t)= g(s)ip(t + s)ds for t G M + , g G L^iu) and <p G L°°(l/u)). 
Jo 
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In particular it follows that Cq(1/u) is a Banach L 1 (o;)-submodule of L°°(l/u). Also, if 
we consider M(u) = Cq(1/lu)* as a dual Banach L 1 (o;)-module, then 

poo poo 

(h, g • fi) = (g • h, fi) = / / g(s)h(t + s) ds d/j,(t) 

Jo Jo 

poo poo 

= / / g(r — t)h(r) dr dfx(t) 
Jo Jt 

poo pr 

= / g(r - 1) dfi(t) h(r) dr = (h, g * n) 
Jo Jo 

for g G L^iu), h G Cq{1/uj) and // G M{u). The dual module action g ■ n oi g G L^{u) on 
// G M(w) thus coincides with the usual convolution product g * fi. (One may also have 
wished for the product g ■ ip for g G and G L°°(l/u>) to coincide with the usual 

convolution product of g and 9?. This could be obtained by choosing instead to identify 
L l {tjj)* with the space L°°(R - , on R~ with the duality (/, y») = f™ f(t)<p(-t) dt 

for / G and (p G L°°(1R _ , w(— t)). This approach is taken in, for instance, [5]. We 

prefer instead (as in [U]) to represent all our spaces on M + , and pay the price of the form 
of the product g ■ ip.) 

We now turn to derivations from L 1 ^) to its dual space L°°(l/u). Recall that a linear 
map D : L 1 ^) — > L°°(l/u>) is called a derivation if 

D(f*g) = f -Dg + g-Df for f,ge L\u). 

The main part of the following result was proved by Gr0nbaek ([HI Theorem 3.7]). Bade 
and Dales ([2J Theorem 2.3] or [SJ Theorem 5.6.27]) then elaborated on Gr0nbaek's result 
to obtain the following. For s G M + we denote by 5 S the unit point measure at s. 

Theorem 1.1 (Gr0nbaek and Bade & Dales) Let ip G L°°(l/u). Then 

f°° s 

(D v f)(t)= f(s) ip{t + s)ds fort Gl + and f G L\u) 

Jo t + s 

defines a continuous derivation from L 1 ^) to L°°(l/w). Moreover, D v has a unique 
extension to a continuous derivation : M(u>) — > L°°(1/uj). Also, D v is continuous 
when M(u) is equipped with its strong topology and L°°(l/w) with its weak-star topology, 
and 

(D v 5 8 )(t) = -^—<p(t + s) fort,seR + . 
t + s 

Conversely, every continuous derivation from L l (u) to L°°(1/oj) equals for some ip G 
L°°(l/u). 

We mention that if we let X be the densely defined operator on L 1 ^) given by 
(Xf)(t) = tf(t) for t G M + and suitable / G L 1 ^), and similarly on L°°(l/u), then we 
have D^f = (X f) ■ (X _1 <^) for / and ip in dense subsets of L l {uj) resp. L°°(l/u). 

In this paper we study various properties of the derivations D v . In Section [2] we 
consider weak-star continuity, and in Section|3]we rely on some of the results from Section[2] 
to prove various range and continuity properties of the derivations. Finally, some of these 
results are used in Section HI where compactness of the derivations is investigated. We 
remark that most of the results in this paper also are of interest in the unweighted case 
where u = 1. 
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2 Weak-star continuity 



In this section we will study the weak-star continuity of the derivations D v : M{uS) — > 
L°°(1/uj). This is inspired by a similar result for homomorphisms between weighted al- 
gebras due to Grabiner: Let uj\ and w 2 be weights, and let $ : L l (uj\) — > L 1 ^) be a 
non-zero continuous homomorphism. Then $ has a unique extension to a continuous ho- 
momorphism $ : M(ui) — > M(u>2) ([Zl Theorems 3.4]) and this extension is automatically 
weak-star continuous ([H Theorem 1.1]). Also, similar results hold for homomorphisms 
from L l (u) into some other commutative Banach algebras ([32]). We also mention that it 
easily can be seen that a bounded derivation from l 1 (Z + ) to its dual space is weak-star 
continuous if and only if ip G Co(Z + ). 

For f,g G £ x (w) and ip G L°°(l/u;) it follows from Fubini's theorem that 

(/,£>„</) = / f(s) / — - <p(t + s)g(t)dtds 
Jo Jo 1 + s 

This leads us to the following definition. Let 

f°° t — 

(T v f)(t) = / f(s) — - fit + s)ds= (f, D v 8 t ) 
Jo t + s 

for / G L x {u), f> G L°°(l/u) and t G M + . 
Proposition 2.1 Let f> G L°°{l/u). 

(a) (D V 5 S ) is weak-star continuous in L°°(l/u) for s G M + . 

(b) is a continuous linear operator : L 1 (lo) — > Cb(l/u). 

Proof (a): Translation is continuous in L l (u) (0 Lemma 4.7.6]), so translation is 
weak-star continuous in L°°(l/u). Hence (D^Sg) is weak-star continuous in L°°(l/u) for 
s > 0. Also, for / G L^iuj) we have 



\{f,D v 6 a )\ 



f(t)^-f(t + s)dt 



< Wfl++ I \f( t )\cu(t)j^- s dt^0 



as s y by Lebesgue's dominated convergence theorem, so D V 8 S — > = D^Sq weak-star 
in L°°{l/ui) as s -> 0. 

(b): Let / G L l {u). The estimate 

/■oo 

< |M| / |/(s)|a;(t + s)ds< |M|.||/Ht) fortGK+ 
Jo 

shows that defines a continuous linear operator T 9 : L x [bS) — > L°°(l/w). Moreover, it 
follows from (a) that T v maps into Cb(l/u). □ 



We will need the next couple of results. For n G N let e n = n ■ l[o,i/ n ]- ft is well known 

roc 

>0 



that (e n ) is a bounded approximate identity for L 1 (a;). Also, (h, fi) = h(t) dfi(t) is 



well-defined for h G C&(l/u;) and /x G M(u;). 
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Lemma 2.2 

(a) Let h G Cq(1/u). Then e n ■ h — >■ fa m Cq(1/u) «sn-} oo. 

f&j Lei fa G Cb(l/u>) and \i G M(cu). Tfaen (e n ■ h,ji) — > (fa, /i) as n — >■ oo. 

Proof (a): For n G N and t G IR + we have 

(e n -fa-fa)(t) = / n(h(t + s)-h(t))ds. 



Given e > 0, we choose T G R + such that |fa(£)|/u;(£) < e for i > T. For all n G N we 
then have |(e n • fa — fa)(t)|/a;(i) < (1 + sup sg r 01 ] u(s))e for t > T. Since fa is uniformly 
continuous on [0, T + 1] we can choose iV G N such that |fa(£ + s) — h(t)\ < e ■ mi t < T u(t) 
for all < t < T and s < tt. Hence 

|(en-fe-fe)(t)| . mn \h(t + s) - h(t)\ 

for all < t < T and n > N. This finishes the proof. 

(b): Given e > 0, we choose T G K + such that \fi ■ u)\([T, oo)) < e. We have 

i*T /*oo 

\(e n -h-h,fM\< \(e n -h-h)(t)\d\fi\(t)+ |(e n - fa- h)(t)\d\n\(t) 



. H H |(e n • fa ~ || , , || | ,, frr . 

< sup — h ||e„ • fa — h\\ ■ \fi ■ 0J\{[1 , ooJJ. 

0<t<T u){t) 

The second term is bounded by Ce and it follows from the proof of part (a) that there 
exists iVeN such that the same holds for the first term for n > N. □ 



Corollary 2.3 Let \i G M(oS). Then e n * fi — > fi strongly in M(oj) and weak star in 
Cbil/u)* (and in particular weak-star in M(cu) ) as n — )■ oo. 

Proof For / G L 1 {oj) we have e n * /i* f — >■ /i * / in L 1 ^) as n — > oo (since (e n ) is a 
bounded approximate identity for L l {u)). Hence e n *//—>■ \i strongly in M{yj) as n — > oo. 
Moreover, for fa G C^l/oS) we have (fa, e n * /x) = (e„ • fa, /i) — >■ (fa, //) as n — > oo by 
Lemma [2.21 (b). Hence e n * /i — > // weak-star in C&(l/u;)* as n — >■ oo. □ 

The adjoint of a continuous linear operator is weak-star continuous. The following 
result shows that the converse also is true for the operators D v . 

Proposition 2.4 For if G L°°(l/u) the following conditions are equivalent: 

(a) Dp is weak-star continuous. 

(b) Dp6t/u)(t) weak-star in L°°{1/uj) as t — > oo. 

(c) ranT v C C (l/u). 

(d) ranTp C C (l/u) and T* = D v . 
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Proof 

(a) =>(b): This follows because 5t/u(t) — > weak-star in M(u;) as t — >■ oo. 

(b) =>-(c): This follows from Proposition 12.1( b) because (T v f)(t)/uj(t) = (f, Dp5t/uj(t)) 
for / G LV) and tGR + . 

(c) =>(d): For f,gE L l (u) it follows from ([I]) that 

(f,D (p g) = (T (p f,g) 

since T^/ G C (l/w) and 5 G L 1 ^) < M(w). Hence T* = D v on L 1 (tu). Let /1 G Af(w). 
By Corollary 12.31 we have e n *//—>■ // strongly in M(u;) as n — >■ 00, so it follows from 
Theorem 11.11 that -D^e^ *//)—>■ D^/x) weak-star in L°°{1/uj) as n — > 00. Moreover, for 
/ G -^ 1 (w) we have e n • T^/ — )■ T^/ in C (l/u;) as n — >■ 00 by Lemma l2"T2T a) and thus 

(f, Tfan */*)> = e n * //) = (e n ■ T^/, //) -»■ (T v /, //) = (/, T*/j) 

as n 00. Hence D 9 (e n * fi) = T*(e n * fA) — > T*ji weak-star in L°°(l/u) as n — > 00. It 
follows that T*ji = D v n and thus T* = ~D V on M(u). 

[Alternatively, a direct but lengthy calculation shows that T* is a derivation. Since T* = 
Dp on L 1 (w), it follows from the uniqueness of the extension from Theorem 11.11 that 
T; = D v on M(u).] 

(d) =>(a): Is clear. □ 

We will now show that a certain relatively easily verified condition on ip ensures 
that the equivalent conditions in Proposition 12.41 hold. The idea is that if (p/u is not 
bounded away from zero on large sets, then the definition of T ¥ f can be used to show 
that (T v f)(t)/w(t) ->• as t ->• 00 for / G L 1 {oj). For <p G L°°(l/u) and t,e G R + we let 

U t)£ = {se [t,t + l] : \<p(s)\/u>(s) >£} 

(defined except for a set of measure zero). Also, we denote the Lebesgue measure on IR + 
by m. 

Theorem 2.5 Let ip G L°°(l/u) and assume that m(Ut )£ ) as t — >■ 00 /or even/ e > 0. 
Then D^ is weak-star continuous (and consequently the other equivalent conditions in 
Proposition 2^4 also hold). 

We will need the following lemma. 

Lemma 2.6 Let f G -^ 1 [0, 1] and let (U n ) be a sequence of measurable sets in [0, 1] with 
miUn) — > as n — >• 00. Then j v f(t) dt — > as n — >■ 00. 

Proof It is sufficient to prove that every subsequence (U nk ) of (U n ) has a subsequence 
(C/ nfe ) with f v f{t) dt — >• as j — > 00. We may therefore assume that X^nLi m (U n ) < 00. 

Then m(U™ =n U m ) < E™= n m ( U m) ^ as n ^ 00. Let /„ = / • l Un for n G N. It 
then follows from [TUl Theorem A, p. 91] that f n — > a.e. Consequently j v f(t)dt = 

Jo fn(t) dt — > as n — > 00 by Lebesgue's dominated convergence theorem. □ 

Proof of Theorem 12.51 By Proposition 12.41 we only need to prove that ranT^ C 
Cq(1/u). (A similar proof can be given to show directly that condition (b) in Propo- 
sition E3] holds.) We first let / G L 1 ^) with supp / C [0, 1]. Then 

\(TJ)(t)\< [ 1 \f(sMt + s)\ds= [ t+1 \f(r-tMr)\dr 
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for teR + . Let e > 0. Then 



i-t+i 

\f(r — t)p(r)\dr<e I \f(r — t)\u)(r)dr 



[t,t+i\\u t ,e Jt 



ft+i 

<s I \f(r-t)\u(r-t)dru(t) = e\\f\\u(t) 



for t G K + . Moreover, 



\f(r-t)tp(r)\dr = / \f(s)<p(t + s)\ds<\\<p\\u(t) / \f(s)\u(s)ds 

U t ,e JUt,e-t JUt,e~t 

for t G M + . It follows from Lemma [2.61 that there exists T G R + such that 

|/(s)|w(s) ds < £ 

for t > T. Hence there is a constant C such that \(T ip f)(t)\ < Ceu(t) for t > T, so we 
conclude that T v / G Cq(1/u). 

Next, we let / G L 1 ^) with supp / C [n, n + 1] for some n G N. Then f = S n * g for 
some g G with supp g C [0, 1]. Also, 

rt+1 t , , . r 1 , , t 



(T<pf)(t) = / f(s)—-<p(t + s)ds = / g(r) — y?(t + r + n) dr, 



so 

" t + n 



|(V)(*)I< / |g(r) | 1 jyft + r + n) \ dr = (T M \g\)(t + n) 
Jo z-\-r -\-n 

for t G M + . Applying the first part of the proof (the definition of Ut. e only depends on 
\(p\) we get 

u(t) ~ u{t + n) v ; 

as t — > oo, so T^/ G Cq(1/u). Consequently, T^,/ G Cq{1/uj) for every / G L 1 ^) with 
compact support and thus for all / G L 1 (a;). □ 



Corollary 2.7 Lei G Lg°(l/u;). T/ien weak-star continuous and = T* 

Proof Let e > 0. There exists T G M + such that Ut )£ is of measure zero for t > T. The 
result thus follows from Theorem 12. 51 □ 



The following corollary shows a class of functions ip ^ Lg°(l/o;) for which D v is weak- 
star continuous. 

Corollary 2.8 Let (a n ) be a sequence with < a n < 1 /or n G N and a n — > /or 

n — t- oo. Define p> G L°°(l/u) by the weak-star convergent series p> = J2^=i l[n,n+a n ] • 
Then p ^ Lg°(l/a;) ; frni -D v is weak-star continuous. 
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Proof Let < e < 1. For t G M + we let n = [t]. Then 

^t, e ^ [n,n + a n ] U [n + 1 + a n+1 ], 

so m{U t ,e) < «„ + a n+ i — >■ as £ — )■ oo. The result thus follows from Theorem 12.51 □ 

We do not know whether the condition in Theorem 12.51 also is necessary for to be 
weak-star continuous, but we finish this section by giving a partial result in this direction. 

Proposition 2.9 Suppose that there exists a positive constant C such that J x+ ui(y) dy > 
Ccu(x) for all x G M + . Let (a n ) be a sequence in R + with a > 1 and a n+1 > a n + 1 for 
n G N. Define <p G L°°(l/u) by the weak-star convergent series <p = Y^n=i l[a n ,an+i] ' UJ - 
Then D v is not weak-star continuous. 

Proof For n G N we have 

/ D v 5 an \ = f 1 On <p(t + On) dt= f an + 1 Qn U)(S) ^ > C 

\ [0,11 ' u(a n ) j J t + a n u(a n ) J an s u(a n ) ~ 2' 

Hence D ip 5 an /u)(a n ) does not tend to weak-star in L°°(l/o;) as n — > oo. Since 8 an /co(a n ) — > 
weak-star in M(u) as n — > oo, this shows that D v is not weak-star continuous. □ 



Corollary 2.10 Suppose that there exists a positive constant C such that J x ui(y) dy > 
Cu(x) for all x G R + . Then is not weak-star continuous. 

We remark that Corollaries 12. 7\ 12.81 and Proposition 12.91 can be combined to yield a 
wider class of functions (p for which D v is not weak-star continuous. Namely, if ip = <fi+(f2 
with D ipi weak-star continuous and D^ 2 not weak-star continuous, then D v is not weak- 
star continuous. 

We finish the section by showing that D^/j, can be represented as a weak-star Bochner 
integral for ip G L°°(l/u) and fi G M(oS). Heuristically we can think of D v fi as 

poo poo 

(D v fjk)(t)= -—cp{t + s)dfi{s)= (D v 5 a )(t)dfi(s) for£GM+, 
Jo t + s Jo 

although the integrals need not be defined. Inspired by this, we will say that 

POO 

D v fi = / D V 8 S dfi(s) 
Jo 

ClS db weak-star Bochner integral in L°°(l/u) if 

POO 

(f,D vf i) = / (f,D v 5 a ) dfi(s) for / G L\u). 
Jo 

We remark that the function (T ¥ ,/)(s) = (/, belongs to Cb(l/u) by Proposi- 

tion 0[b) for / G L\lo). Hence 

POO 

/ (f,D v 5 a ) dfx(s) = (T v f,n) 
Jo 
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is well-defined for / G L 1 ^) and /i G M(u). Also, it follows from the proof of [3 
Theorem 5.6.24] that 

D v9 = / g(s)D ip 5 s ds 
Jo 

as a weak-star integral in L°°(l/u) for every ip G and (7 G We will show 

that this result can be extended to D v fi. (Moreover, in the proof of Proposition 14.51 we 
will see that if ip G C^il/u) with <p(0) = 0, then D^g = J °° g (s)!)^ s ds actually exists as 
a "proper" Bochner integral for g G L 1 (uj).) 

Proposition 2.11 Let cp G L°°(l/u) and // G M(co). Then 

POD 

D^n = / D V 5 S dfi(s) 
Jo 

as a weak-star Bochner integral in L°°(1/lo). 

Proof Let (e n ) be the bounded approximate identity from Lemma I2~2l By Corollary 12. 31 
we have e n * fi — > fi strongly in M(u) as n — > 00, so it follows from Theorem 11.11 that 
D<p{en * /■«) — > D^^fi) weak-star in L°°(l/w) as n — >■ 00. Since e„*/iG ^{oj) we have 

POO 

D v (e n *n)= / (e„ * /j<)(s)D v 5 s ds 
Jo 

as a weak-star integral in L°°(l/u) for n G M. By using Corollary 12.31 we thus have 
(/, = lim (/, D v {e n * //)) 

n— >oo 

/■OO 

= lim / (f,D v 5 s ){e n * fi)(s)ds 

n->oo j 

/•oo 

= lim (T v f, e n *ii) = (T v f, /i) = / (/, ^5 S ) a>(s) 
as required. □ 



3 Range and continuity properties 

For ip G L°°(1/uj) we saw in (the proof of) Proposition 12.1( a) that D V 5 S — > weak-star in 
L°°(1/uj) as s — >■ 0. Similarly, one of the equivalent conditions in Proposition 12.41 is that 
D tp 5 s /ui(s) weak-star in L°°(l/u) as s — > 00. We will now see that by strengthening 
the conditions on <p, we can obtain norm convergence in both cases. 

Proposition 3.1 Let cp G L°°(l/u). 

(a) ip(s) — > as s — y if and only if D V 5 S — > zn L°°{\/oj) as s — > 0. 
C&j e -^o°(V w ) if and only if D (p 5 s /u(s) — > m L°°(l/u) as s — > 00. 
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Proof (a): Assume that (p(s) — > as s — > 0. We have 

s \<p(t + s)\ 



= esssup <gR+ 



t + s u(t) 



Given e > we choose < S < 1 such that esssup s<s \<f(s)\ < e. For s < S/2 we then 
have 

s \ip(t + s)\ 



esssup f < s/2 



< 



t + s u(t) inf te [o,i] w(t) ' 
Also, since \<p(t + s)\ < \\cp\\u(t)u(s) for t, s G M + , we have 

s \<p(t + s)\ 2s 

esssup t>5/2 — — — < —.\\(p\\u}( 8 ), 

- 1 t + s oj(t) S 

and it follows that D^s — > in L°°(l/u) as s — > 0. 

Conversely, assume that -D^5 S — >■ in L°°(l/u) as s — >■ 0. Given e > we choose 
< 5 < 1 such that ||-D^ S || < e for s < S. For s < S we then have 

^ lln x ii ^ esssup t<s |^(t + s)| 

£ > PVJ ^ — ^ = m — = <-esssup s<t<2s (p(t)\. 

2sup tg[0jl] 

Hence ess sup 0<4<2S \<f(t)\ < e/C, so cp(s) — > as s — ► 0. 
(b): Assume that G Lg°(l/w). Then 

ll-D^sll s |<^(t + s)| 



\<p(t + s)\ \<p(t)\ 
< esssup tGM+ = esssup 4>s — — ->■ 

u(t + s) - U}(t) 

as s — > oo. 

Conversely, assume that y> ^ Lq°(1/u;). Then there exists £ > such that 

esssup t>T \<f(t)\/cu(t) > e 

for every T G M + . Let G N. There exists a measurable set Uk C [fc, oo) with m(Uk) > 
such that |<^(t)|/o;(t) > e a.e. on The metric density of Uk at a point s G that is 
lim r ^ rn(Uk fl (s — r, s + r))/(2r), exists and equals 1 for almost every s G Uk ([IU 7.12]). 
Let Sk G C4 be such a point and let \4 r = Uk H + r) for r > 0. Then m(Vfc r ) > 

for every r > 0. Hence 

IITJ a- ll ^ Sk \<fi(t + s k )\ 

||^J|>esssup fe[0|1] — • ^ 

- o- f 1 7TV esssu PiG[o,i] + s k )\ > Cesssup tgVfer \(f{t)\ 

1 mI iG[0,l] 

for some constant C > and every < r < 1. Since Vfc r C (7^ we thus have 

H-D^sJI > Ce sup u;(t) 

tev kr 
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for every < r < 1. Letting r — > we thus obtain 

||-ty> s J - Ceu(s k ). 

Since s k > k this shows that we do not have D lf S s /uj(s) — > in L°°(l/u) as s — > oo. □ 

We now aim to prove that raiiD^, C Co(l/u) for any </? G L°°(l/u), and that 
ranl^ C C (l/w) if </? € C (l/u) with y>(0) = 0. Let y G L°°(l/u;). Since (D v f)(t) = 
Jo°° t+s /( s )v(* + s ) ds for / G I/ 1 ^) and t G M + , we choose to define 

Ms) = (D <p 6 a )(t) = -^-<p(t + s) for i,sG 

Then we can express D v f by 

(£>„/)(*) = (/, Vt) for / G L 1 ^) and i G 

(once we have verified that ip t £ L°°(l/u>) for t G K + ). We begin by establishing som 
properties of ip t - 

Lemma 3.2 

(a) Let if G L°°(l/u). Fort G R+ we /jave ip t G L°°(l/u) with \\tp t \\ < \\<p\\u(t). More- 
over, (ip t ) is weak-star continuous in L°°(l/u) for t G K + . 

(b) Let ip G C (l/u) with tp(0) = 0. For t e R + we have ip t G C (l/w). Moreover, (ip t ) 
is continuous in Cq(1/oj) for t G IR + and i/j t /u(t) -+ in Cq{1/uj) as t —> oo. 

Proof (a): Let i G R+. We have 

W a )l<M*±41 w (t)<|M|a;(t) forall S GR+, 



w(s) w(t + s) 

so ^ G L°°(l/u) with H^ll < Also, translation is weak-star continuous in 

L°°(l/u), so (^t) is weak-star continuous in L°°(l/u) for t > 0. Also, for / G we 
have 

(/, ^ t - = jT f(s) (j^ <p(t + 8)- <p(8)J ds 

= / f(s)(<p(t + s)- <p(s)) ds - / f(s) — — <p(t + s) ds. 
Jo Jo 1 i s 

As t — > the first term tends to since translation is weak-star continuous in L°°(1/uj), 
whereas the second tends to by Lebesgue's dominated convergence theorem since \ f(t + 
s)\ < \\<f\\u(t)u(s) for t,s G R + . Hence (ip t ) is also weak-star continuous in L°°{1/uj) at 
t = 0. 

(b): Clearly ip t G Cq(1/uj) for t G M + , and since translation is continuous in Co(l/u), 
it follows that (tp t ) is continuous in Cq{1/uj) for t > 0. We will now prove that (tp t ) is also 
continuous in C (l/u) at t — 0. For i G M + we have 



1 1 -0* — V^o 1 1 = esssup sGR + 



I t+s 



y?(t + s) -(p(s)\ 
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Given e > 0, we choose Si, 62 > such that \(p(s)\/oj(s) < e if s < Si or s > S2. For 
t G M + we then have 

esssup s > 52 n < esssup s > 52 — — - + 1 )e < (w{t) + l)e. 



Also, for t G M + we have 



esssup s < 52 — < esssup s < 52 



0J(S) -~~-r>Sto t + s w ( s ) 

t |^(s)| t |^(s)| 

+esssn Ps < 5l — ■ + esssnp 5l < s < 52 — • . 

The first term tends to as t — )■ since translation is continuous in Cq(1/u); whereas 
the second is bounded by e and the third by Ct for some constant C. Together these 
estimates show that ip t — > i>o i n Cq(1/u>) as t — > as required. Moreover, 

t\\ , Mt + s)\ \<p(t + s)\ 1^)1 „ 
< ess sup sgR + — -— — —— < ess sup sgR + — -; r- = ess sup s>t — -— > (J 



ui{t) uj(t)u(s) oj(t + s) - u(s) 

as t — > 00. □ 



Corollary 3.3 

(a) Let if G L°°(l/u). Then (D v f)(t) = (f,i/; t ) for f G L\u) and t G IR + . Moreover, 
ranDp C C (l/u;). 

(b) Let if G Co(l/w) with p(0) = 0. T/*en (D^){t) = (ip t ,fj) for (i G M(w) and i G R+. 
Moreover, ranD v C Cq{1/u). 

Proof (a): Let / G L 1 (a;). It follows from Lemmata) that (D v f)(t) = (f,ip t ) 
for t G M + . From this it follows that D^/ is continuous on M + and that \(D ip f)(t)\ < 
11/11 ■ HV'tll < 11/11 • IMM*)- Hence D v f G C b (l/u). Let e > and choose S > such that 
Js° l/( s )l a; ( s ) ^ s < £ - For t > S/e we then have 

i(2v)(i)i < ii,n r f i/wi ^ ^* + r i/wi ^ * 



\7 t + S Oj(t) J s L0(t) 

< \\<p\\ (I e\f(s)\u(s)ds + r\f(s)\u;(s)ds) <Ce 



for some constant C, so we conclude that D^f G C (l/u). 
(b): Let // G M(w) and define 

= / (p(t + s) dfi(s) = (ipt,fj) fortGM + . 

Jo t + s 

Then k G Co(l/u) by Lemma f372lf b) . By Corollary 12 .71 we have D v = T*, so for / G 
we have 



(f,D vf i) = (T v f,fi)= (T lp f)(8)d t i(a)= / f(t)-—p(t + s)dtdti(s) 




</o 



t + s 




Jo 



t + s 



<p{t + s) d^{s) f(t) dt = / k(t)f(t) dt = (/, k). 
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Hence D v p = k G Co(l/u) and the conclusions follow. □ 

We finish the section with the following result, which will be used in the next section. 

Proposition 3.4 Let cp G C&(l/u;) with (p(0) = 0. Then (D,p5 s ) is continuous in Cq(1/u) 
for s G R + . 

Proof Clearly D V 5 S G C (l/u) for s G R + . Let s > 0. For x > -s and t G R + we 
have 

(D^5 S0+x )(t) = — — p{t + s + x) 

L ~\~ Sq ~~\~ X 

= £i±5 (D v 5 S0 )(t + x) = (S^ x * D v 5 S0 )(t). 

So So 

Since translation is continuous in C (l/co) we have 5_ x * D^S^ —¥ D^S^ and thus 
D,,i5 So+3 ; — > D v 5 S(j in Cq(1/u) as i 0. Hence (D^Ss) is continuous in Co(l/o>) at 
so- Finally, by Proposition 13.1( a) we have D V 5 S — > D v 5o = in Cq[\/oj) as s — > 0, so 
(-D V 5 S ) is also continuous in Cq(1/u) at s = 0. □ 



4 Compactness 

In this section we study compactness of the operators D v and D v . The main result of the 
section is Theorem 14.41 which states that for p G Cq(1/u) the operator D v is compact if 
and only if p(0) = 0. We start with some results which shows why the condition p(0) = 
as well as the continuity of p seem to be close to necessary. 

Proposition 4.1 Let p G L°°(l/u)) and assume that D v is compact. Then p(s) — » as 

Proof It follows from Proposition 12 . 1 [ a) that D^Sg — > weak-star in L°°(l/u) as s — > 0. 
Since D 9 is compact, we then also have D V S S — > in norm in L°°(l/u) as s — > 0. Hence 
</?(s) — > as s — > by Prop osit ion 13 . 1 ( a) . □ 

Theorem 4.2 Let p G L°°(l/u) be real-valued and assume that there exist to, 5 > such 
that 

essinf te(to _ Sito) p(t) > esssup te(to>to+s) p(t). 
Then and are not compact. 

Proof Choose a G K. and e > such that 

p(t) > a + e a.e. on (t — 5, t ) and pit) < a — e a.e. on (t , t + 8). 

Assume that D v is compact and let /„ = n ■ l[t _i/ ni t ] for n 6 N with 1/n < to. Then 
(D v f n ) has a norm- convergent subsequence (D^f nk ) with limit h G L°°{1/uj). For n6N 
with 1/n < t and t G 1R + we have 

(D p f n )(t)=n [° -J- (p (t+s)ds, 

Jto-l/n 1 + 8 
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so (D v f n )(t) < a — e for 1/n < t < 5. Hence h(t) < a — e a.e. on [0, 5]. For jigN with 
1/n < to and t < 1/n we have 



rto-t s rt s 

(D v f n )(t)=n — — <p(t + s) ds + n — — <p(t + s) ds = A n {t) + B n {t) 

An -1/n t + 8 J tn _ t t + S 



'to-l/n 1 "r * Jt -t 

with obvious notation. We have 

a ,\ /1 x tn — l/n, . .„ .tn — l/n, x 

4 W > n i - t ° ' a + s > 1 - nt V 7 a + e , 
t + t - V n *o 

so there exists N x G N such that A n (i) > a + e/2 for n > iVj and t < 1/n 2 . Also, 

|-B„(t)| < ni||<£>|| sup oj(s), 

s<t +8 

so there exists N 2 G N such that |-B n (t)| < s/2 for n > N 2 and t < 1/n 2 . Hence 
(D(pf n )(t) > a for n > max{iVi, ./V2} and t < 1/n 2 . Hence \\Dpfn — h\\ > e for n > 
m.8ix{Ni, N 2 } which contradicts D v f nk — > h in L°°(l/u) a — >■ 00. Hence .D^ is not 
compact and as a consequence D v is not compact either. □ 

The following corollary implies that simple functions like (p = l[o,i] do not generate 
compact derivations. 

Corollary 4.3 Let <p G L°°(l/u) be real-valued and assume that there exists to > such 
that the limits 

lim (pit) and lim (pit) 

t-+(to)- *-K*o)+ 

exzsi and are different. Then and are not compact. 

Proof The result follows directly from Theorem 14.21 if ]xax t _ y r to \_ ip{t) > ]im t _ > Y to ) + (pit). 
If the opposite inequality holds, then the result follows by considering — (p. □ 

Because of the results above, we will focus on ip G C^il/uS) with (p(0) = in the rest 
of the paper. For tp G Cq(1/u) we have the following characterisation of compact D v . 

Theorem 4.4 Let ip G Cq(1/oj). Then D v is compact if and only if <p(0) = 0. 

Proof If D v is compact, then <p(0) = by Proposition 14.11 . 

Conversely, assume that ip(0) = and let (/i n ) be a bounded sequence in M(co). By 
passing to subsequences we may assume that there exist \i G M(co) and h G L°°(l/u) 
such that 

//„.—>■// weak-star in M(u) and -D^/in — >■ ^ weak-star in L°°(1/uj) 
as n — > 00. By Corollary 12.71 we have = T* For / G we thus have 

(f,h) = lim (f,D v fi n ) = lim (T^/,/i n ) = (T v f,fi) = (f,D v fi), 

n— >oo n— yoo 

so we deduce that h = D^\i. By Corollary 13.3( b) we have 

(D v fjL„, - h)(t) = (DpQin - fi))(t) = (ipt^n - A*)- 
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Also, (ip t ) is continuous in Cq(1/oj) and ipt/oj(t) — > in Cq{1/oj) as t — > oo by Lemma l3T27 b). 
so {ipt/u(t) : t G IR + } is totally bounded in Co(l/u). Let e > 0. There exist t%, . . . , £m £ 
M + such that for every t G M + there exists m G {1, . . . , M} with ||^/a;(t) — V'tm/ a; (*m)|| < 
e. Choose iVeN such that \(ifj tm /u(t m ), fi n — < e for m = 1, . . . , M and n> N. For 
t G IR + and n > N we thus have 



|(zy n -fr)(t)| 



< 



< fl 



w(t) 

T t-?TJ 

cu(t n 



+ 



A 

u(t) u(t m ) 



sup \\fl n 



Hence D v fi n — > h in Cq(\/uj) as n — >■ oo, and we conclude that is compact. 



□ 



The next few results will show the existence of ip ^ Cq(1/u) for which is compact. 
We do not know whether the approach can be extented to show that is compact, and 
more generally we do not know whether D v is necessarily compact if D v is compact. The 
idea in the following result is to represent the derivation by Bochner integrals and 
then use a pre-compactness argument. 



Proposition 4.5 Let tp G Ct(l/uj)- Assume that p(0) 
limit in L°°(l/u) as s — >■ oo. Then D v is compact. 

Proof Let / G L 1 (a;). We observe that 



and that D v 5 s /uj(s) has a 



( D <pf)(t) 



f(s)(D v S s )(t) ds 



for t G 



Moreover, (D^dg) is continuous in Cq(1/u) for s G M + by Proposition 13. 4[ so 

£>„/ = / f(s)D v 6„ds= f(s)u(s)-^ds 
Jo Jo w l s J 

exists as a Bochner integral (see [T2"| Theorem 3.7.4]). Also, — > in L°°(1/oj) as 
s — )• by Proposition 13.1( a). Hence the map s i-> D v 5 s /u(s) extends to a continuous 
map from the one point compactification [0, oo] of M + into Cq(1/u), so we deduce that 
{D^s/u^s) : s G M + } U {lim^oo D^s/u^s)} is compact in Co(l/u). It thus follows from 
[HI VI. 8. 11] (see also [TJ Proof of Theorem 2.2]) that D v is compact. □ 

For (p G Co(l/u) with <^(0) = we have D v 5 s /u(s) — > in Cq{1/u) as s — >■ oo by 
Proposition 13. 1( b). so .D^ is compact by Proposition 14.51 We can therefore recapture the 
conclusion about from Theorem 14.41 

We will now use Proposition 14. 51 to obtain concrete examples of functions p £ Cq(1/uj) 
which generate compact derivations D v . 

Proposition 4.6 Assume that u>(s) > 1 for every s G M + , w(s) — > oo as s — )■ oo and 

\u(t + s) — cj(s) 



sup 

teR + u{t)u{s) 



->■ 



as s — >■ oo. 



Let 



1. Then D v is compact, whereas p Cq(1/u). 
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Remark If we let p s (t) = oj(t + s) — u)(s) for t, s G IR + , then the last assumption can 
be restated as p s /uj(s) — > in L°°(l/ui) as s — > oo. 

Proof By Proposition 14.51 the result will follow if we can prove that Z) ¥ ,5 s /o;(s) — > 1 in 
L°°(l/u) as s — > oo. We have 



w(s) 



so 



w(s) 



^(u jt + s) - 1) _ = sa;(t + s) - s- (t + s)o;(s) 
u;(s) (t + s)w(s) 

s(cj(t + s) — uj(s)) — s — tw(s)| 



= sup 
< sup 



(t + s)u(t)u(s) 

\u(t + s) - u(s)\ 1 

1 + —rr + sup 



L0(t)u(s) Uj(s) teR + (t + s)u(t) 

Given e > we choose T > such that u(t) > l/e for i > T. Then 



sup 



t >T (t + S)u(t) 

for every s G M + . Also, for s > T/e we have 

t T 



< £ 



sup 



< 



t <f (t + s)w(t) - T + T/e 



< e. 



(2) 



Hence the third term in ([2]) tends to as s — > oo. Moreover, the first and second term 
tend to as s — > oo by assumption, so we conclude that D^g/cu^s) — > 1 in L°°(l/u>) as 
S — 7- oo. □ 



Corollary 4.7 Lei a > 0, u(t) = (1 + t) a (t G M + ) and let (p = u - 1. Then D v is 
compact, whereas ip Cq(1/u>). 

Proof We clearly have ip ^ Cq(1/u). First, assume that a > 1. Then 
< w(t + s) - w(s) = (1 + t + s) a - (1 + s) a 

t+s 

ct— 1 J„ ^ „.-iVl i ^ i 1 



= a / (1 + x) a ~ L dx < at(l + t + s 

J s 

for t,s G M + , so 

sup s - v i + t ) ^ a y L + s > 



for s G E + . 

Next, assume that a < 1. Then the function s4(l + t + s) a — (1 + s) a is decreasing 
on R + for every t G M + , so we deduce that 

u(t + s)- u(s) = (1 + t + s) a - (1 + s) Q < (1 + t)° - 1 < u(t) 
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for t,s £ R + . Consequently, 

snp + -"(*)! < ! 

for s G R+. 

In both cases the result thus follows from Proposition 14.61 □ 

We finish the paper by showing that the condition ip(t)/uj(t) — > as t — > oo from 
Theorem 14.41 cannot in general be relaxed to ip(t)/u(t) — > a as t — > oo for some a G C. 
(For if G L°°(R + ) we say that <p(t) -)• a e C as t -)• oo if <p(t) - a -> as t oo, that 
is, if esssup t>T | — a\ — > as T — > oo.) 

Proposition 4.8 Let tp G L°°(R + ) and assume that (p(t) — >■ a as t — >■ oo /or some a^O. 
Tnen : L X (R+) L°°(R + ) and D v : M(R+) L°°(R+) are not compact. 

Proof Let (p — <p — a, so that </?(£) — >• as t — > oo. Let f n = l[ n , n +i] for n G N. For 
t G R + we have 

rn+l 

\(D^f n )(t)\< / + s)\ ds < esssup s >J^(s)|, 

J n 

so we deduce that D^f n — > in L°°(R + ) as n — > oo. Moreover, 

n+1 s /-n+1 t 



(D a f n )(t) — a = a / ds — a = — a / ds 

J n t ~\- S J n t + S 

for n G N and t G R + , so ||-D a / n — a|| = |a| for n G N. Since = Dq, + _D a , we thus 
have \\Dpfn — a\\ — > \a\ as n — > oo. On the other hand, for n6N and t G R + we have 

!(£>«/„)(*) -a| < \a 



t + n 



so it follows from Lebesgue's dominated convergence theorem that D a f n — > a weak-star 
in L°°(R + ) and thus D^fn — > a weak-star in L°°(R + ) as n — > oo. We thus deduce that 
(D,pf n ) has no cluster point as n — > oo. Hence and D v are not compact. □ 
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